Abstract. We apply the converse of Noether's second theorem to the firstorder Lovelock action to obtain its gauge symmetries. As a result, we obtain the so-called 'local translations' with nonvanishing cosmological constant for odddimensional manifolds when a certain relation among the coefficients of the various terms of the first-order Lovelock Lagrangian is satisfied. Furthermore, for oddand even-dimensional manifolds, we also get the well-known invariance under local Lorentz transformations and diffeomorphisms. We also report a new symmetry for the highest term of the first-order Lovelock action for odd-dimensional manifolds. In this last case, the fundamental set of gauge symmetries can be considered Poincaré transformations together with the new symmetry. The commutator algebra of this set closes with structure functions.
Introduction
Noether's theorems and their converses have become the fundamental mathematical tools for linking symmetries with conservation laws for dynamical systems whose equations of motion can be obtained from a a variational action principle [1, 2] (see also [3] ). In particular, the converse of Noether's second theorem can be used to reveal a gauge symmetry of a theory from a Noether identity and, even when the symmetries are already known, the theorem might be used to reformulate them by constructing a different Noether identity. For instance, in [4] the converse of Noether's second theorem was applied to the n-dimensional Palatini action with cosmological constant and to Holst action with cosmological constant showing that in each case a new gauge symmetry that is the generalization to higher dimensions (n > 3) of the so-called 'local translations' [5, 6] (see also [7] ) for the three-dimensional Palatini action with cosmological term naturally emerges. The new symmetry and local Lorentz transformations can be taken as the fundamental gauge symmetries of firstorder general relativity. The algebra of the these symmetries turns out to be open [8, 9] . Diffeomorphisms then become a derived symmetry and, as a consequence, an infinitesimal diffeomorphism can be expressed as a linear combination of the new gauge symmetry and local Lorentz transformations with field-dependent gauge parameters, up to terms involving the variational derivatives.
All of this suggests that it is worth to explore generalizations of general relativity from the perspective of Noether's second theorem. In this paper we focus in Lovelock's theory, which is defined by an action over an n-dimensional manifold, whose variational derivatives may be considered as generalizations of the Einstein tensor [10] . In section 2 we introduce the notation and conventions that we will use in this paper. We also make a review of the main aspects of Lovelock's gravity in the first-order formalism, and present the framework in which we will apply the converse of Noether's second theorem. Then, in section 3 we derive the well-known gauge symmetries of the Lovelock action by means of the converse of Noether's second theorem. Lovelock action is by construction invariant under local Lorentz transformations and diffeomorphisms, and so it is not surprising that we get the Noether identities related to these. However, it is interesting to note that the symmetry that arises from our analysis is a linear combination of diffeomorphisms and local Lorentz transformations rather than simply diffeomorphisms. Furthermore, in three-dimensions Lovelock action coincides with three-dimensional first-order general relativity and, as we already mentioned, it is very well-known that this theory has a gauge symmetry referred to as 'local translations' [5, 6] (see also [7] ). Therefore, in the section 3 of this paper we explore the existence of a generalization of this symmetry to the n-dimensional first-order Lovelock action. We obtain that local translations are a symmetry of the Lovelock action only in odddimensions when a certain condition between the many terms of the Lovelock action is fulfilled. Finally, in section 4 we report the existence of a new internal gauge symmetry for the highest term in the Lovelock action for odd-dimensional manifolds. This symmetry results from the construction of a Noether identity, which according to the converse of Noether's second theorem, encodes a gauge symmetry of the theory. The new symmetry and the Poincaré one can be taken as the fundamental set of gauge symmetries of this particular action. From this perspective, diffeomorphisms become a derived symmetry because any infinitesimal diffeomorphism can be written in terms of these symmetries with field-dependent gauge parameters. Also in this section we report the commutator algebra of the symmetries of the highest Lovelock term, which closes with structure functions.
Lovelock action in the first-order formalism
Let us establish the notation and conventions used through this paper. We consider n-dimensional orientable manifolds M n with n ≥ 3. The frame rotation group is denoted by SO(σ) where SO(−1) ≡ SO (1, n − 1) for Lorentzian manifolds (σ = −1) and SO(+1) ≡ SO (n) for Euclidean ones (σ = +1), i.e., e I is an orthonormal frame of 1-forms. The indices I 1 , ..., I n run from 1 to n and are raised and lowered by the metric (η IJ ) = diag (σ, 1, ..., 1), and the volume form is given by η = (1/n!)ǫ I1···In e I1 ∧· · ·∧e In , where the rotation group tensor ǫ I1···In is totally antisymmetric and satisfies ǫ 1···n = 1.
Lovelock gravity [10] emerges from looking for an action principle that leads to a generalization of the Einstein tensor in dimensions higher than three. The Lovelock action is given by [10] (see also [11] )
which is defined over an n-dimensional differentiable manifold M n . Here, a p are arbitrary constants, [c] denotes the integer part of the real constant c, and L p n is the n-form
where κ is a constant whose dimensions depend on n, and R IJ is the curvature of the
Notice that p counts the number of curvature factors in L p n . By computing the variation of the Lovelock action (1) with respect to the independent fields e I and ω IJ , we get
from which we can read off the variational derivatives E I and E IJ , and the (n− 2)-form θ IJ involved in the surface term, namely 
Here D is the SO (σ) covariant derivative computed with ω IJ . The upper and lower limits in the sums (4)-(6) come from the following facts:
(i) The first term (p = 0) of the Lovelock lagrangian is
and so, we see that this term does not have a variational derivative with respect to the connection ω IJ . (ii) On the other hand, for even n the last term of the Lovelock lagrangian is proportional to the Euler form
Hence, we see that L n/2 n does not have a variational derivative with respect to e I . The variation of the action constructed with (11) with respect to the connection is given by
We see from (13) 
We can restate these properties in the framework of infinitesimal transformations, which we find more suitable to use the converse of Noether's second theorem.
An infinitesimal transformation of the fields depending on arbitrary functions and their derivatives is said to be a gauge symmetry of the action if the action remains invariant up to a total derivative under the transformation of the fields [1, 2, 3] . The infinitesimal Lorentz and diffeomorphisms transformations are Lorentz :
where
is the Lie derivative along the vector field ρ = ρ I ∂ I , with ∂ I being the dual basis of the frame e I [12] . The transformations given in (15) and (16) are symmetries of Lovelock action since each term a p L p n is invariant under (15) and quasi-invariant under (16). The converse of Noether's second theorem states that we can uncover a gauge symmetry from an identity relating the variational derivatives of the action, so in the following section we construct these relations, referred to as 'Noether identities'.
Gauge symmetries from the converse of Noether's second theorem

Local Lorentz transformations
Although we already know that Lovelock action is invariant under local Lorentz transformations, it is instructive to review how this symmetry emerges from the application of the converse of Noether's second theorem.
In order to illustrate our method, we obtain step-by-step the Noether identity related to local Lorentz transformations for the first term of the Lovelock action (1), which is
This term is independent of ω IJ . Therefore, its only nonvanishing variational derivative is
We compute the wedge product of e I with E
Then, lowering the index I and antisymmetrizing with respect to the indices I, J in last expression, we obtain the Noether identity
Analogously as we did for this first term, we can obtain a Noether identity involving the variational derivatives of every term of the Lovelock action (1) with p curvature factors
The variational derivatives of (21) are (7) and (8) . By computing the covariant derivative of (8) and after a few algebra, we get the Noether identity
Summing the Noether identities (20) and (22) multiplied by the corresponding coefficient a p leads to a Noether identity involving the full variational derivatives E I and E IJ , which is
Multiplying this expression by arbitrary local parameters τ IJ (= −τ JI ) we get the off-shell identity
According to the converse of Noether's second theorem, we can read off a symmetry of the Lovelock action (1) 
Diffeomorphisms
Now we show that the symmetry under diffeomorphisms of the Lovelock action (1) can also be uncovered by means of the converse of Noether's second theorem. As for the local Lorentz symmetry, we begin by analyzing the first term of the Lovelock action (1), which is
First, we recall that the variational derivative of (25) with respect to the frame e I is
Then, we compute the covariant derivative
with T I JK being the components of De
Handling (27) we arrive at the Noether identity
where have substituted T K IJ e J = ∂ I De K and ' stands for contraction [12] . The Noether identity (28) suggests that we can relate E . This results to be true, and following the same procedure that leads us to the Noether identity (28), we can construct the Noether identity
which is valid for all the other terms L To show this, we begin by writing down the 'highest' term of the Lovelock action (1)
30) ‡ From the Lovelock action (1) we see that in even dimensions, there is a term that we have not analyzed yet, which is
but, as we pointed out before, this term is topological, and therefore invariant under any gauge transformation. This argument applies for all the symmetries we consider in this paper. § Recall that p counts the number of curvature factors in L p n , and also that L n/2 n is topological for even n. So, there is no need to construct a Noether identity for this last term.
and its variational derivatives
The first Noether identity that we obtain for this term is
which emerges by computing the exterior covariant derivative of (31) and using Bianchi's identity DR IJ = 0. We will analyze the symmetry that emerges from (33) when we study the so-called 'local translations' in the following subsection, but for now let us keep looking for the Noether identity which leads to diffeomorphisms.
The second Noether identity for L (n−1)/2 n emerges considering the (n + 1)-form
which vanishes because it is an (n + 1)-form defined over an n-dimensional manifold M n . Contracting (34) with ∂ I , we get the Noether identity
This Noether identity had not been reported in the literature and according to the converse of Noether's second theorem, it reveals a new gauge symmetry of the action L (n−1)/2 n . This fact requires further analysis. So, we devote the following section to the analysis of the symmetries of the last term (30) of the Lovelock action (1).
Coming back to the diffeomorphism symmetry, we can construct from (33) and (35) the Noether identity analog to (29), which is
Therefore, as we did for local Lorentz symmetry, from the Noether identities (28), (29) and (36) we construct a Noether identity involving the variational derivatives of the full Lovelock action (1) E I and E IJ , namely
Multiplying (37) by the arbitrary local parameter ρ I and after a few algebra, we get the off-shell identity
According to the converse of Noether's second theorem the gauge symmetry of the Lovelock action (1) involved in (38) is given by the terms accompanying the variational derivatives E I and E IJ . In order to appreciate its meaning, we rewrite the transformation read off from (38) as
Hence, we see that the symmetry involved in (38) is nothing else than an infinitesimal diffeomorphism (16) plus a local Lorentz transformation (15) with field-dependent gauge parameters, which is sometimes referred to as an 'improved diffeomorphism' in the context of the Palatini action [13] . In this way, we have proved that the Lovelock action (1) is diffeomorphism invariant by means of the converse of Noether's second theorem. Furthermore, from the Noether identities (28), (29) and (36) we can see that each term L p n is also invariant under diffeomorphisms.
Three-dimensional local translations
As we show below, Lovelock's theory (1) coincides with general relativity in three dimensions. It is very well-known that the gauge freedom of three-dimensional general relativity can be described by local Lorentz transformations and diffeomorphisms, or equivalently by local Lorentz transformations and a symmetry referred to as 'local translations' [5, 6] (see also [7] ). In order to generalize three-dimensional local translations of general relativity to the Lovelock action (1) from the perspective of the converse of Noether's second theorem, we gain some insight first by reviewing how this symmetry emerges in the three-dimensional case.
In three dimensions the Lovelock action (1) acquires the form
and its variational derivatives are
Computing the exterior covariant derivative of (42) we obtain
From Bianchi's identity DR IJ = 0 we see that DE 1 I vanishes. Hence, handling (44) we arrive at the Noether identity
In the standard treatment of three-dimensional local translations one usually sets 3!(a 0 /a 1 ) = −2Λ, where Λ is the cosmological constant [7] . Therefore, the Noether identity (45) reads [4] 
Multiplying (46) by the arbitrary local parameter ρ I and manipulating the resulting expression we get the off-shell identity
Resorting to the converse of Noether's second theorem, the quantities which appear in this last expression multiplying the variational derivatives are the transformations associated to a gauge symmetry; in this case, the so-called 'local translations'. We notice three important facts from (45) and (46): a) If Λ = 0 all coefficients a p of the three-dimensional Lovelock action must be nonvanishing.
See also [14] to see the Noether identity in the case of Witten's exotic action for three-dimensional gravity with cosmological constant. b) If Λ = 0 the Noether identity from which local translations symmetry emerges relates consecutive coefficients of the action. c) If Λ = 0 the only one nonvanishing coefficient of the three-dimensional Lovelock action is a 1 .
Local translations with Λ = 0
In this subsection we prove that three-dimensional local translations with Λ = 0 can be generalized to the n-dimensional Lovelock action (1) for a particular choice of the coefficients a p only. In order to show this, we consider a generic term L p n of the Lovelock action (1), whose variational derivatives are given in (7) and (8) .
As the three-dimensional case suggests, we compute
Analogously as we did for the three-dimensional case in subsection 3.3, this expression can be rewritten as
Notice that equation (49) does not involve the variational derivatives of all the terms of the Lovelock action, leading to the following facts: a) For odd n, (49) does not give us a relation for DE (n−1)/2 . However, we have seen in subsection 3.2 that this term vanishes. This fact will allow us to obtain local translations with Λ = 0 in odd dimensions. b) For even n, (49) does not give us a relation for DE (n−2)/2 . As we will see below, this term prevents us from obtaining local translations in the even-dimensional case.
c) Also for even n, DE n/2 I is not involved in (49). However, L n/2 n is topological, which means that E n/2 I (and consequently DE n/2 I ) trivially vanishes. From these observations, we conclude that we must consider the even-and odddimensional cases separately:
(i) Odd n. Consider the Lovelock action (1) whose variational derivatives E I and E IJ are given in (4) and (5), respectively. Computing the covariant derivative of E I and recalling that we found in subsection 3.2 that DE (n−1)/2 I = 0, we get
Substituting (49) into the right-hand side of (50) we get
In order to relate (51) with e J ∧E JI , we ask the coefficients a p to satisfy the relationship
which finally allows us to obtain the Noether identity
Note that this Noether identity is identical to the one for the three-dimensional case. Multiplying (53) by the real local parameters ρ I and handling the resulting expression, the off-shell identity emerges with
Since (61) is not a total differential nor can be generically rewritten in terms of E I and E IJ , we conclude that local translations with Λ = 0 given in (55)- (56) are not a symmetry of the Lovelock action (1) in even-dimensions, except for the case where the action is given by the Euler term. However, as it was reported in [4] , Noether identities different from (53) can be obtained for particular cases of the Lovelock action (for instance for the Palatini action studied in that work), leading to different generalizations of local translations which may be still valid in even dimensions.
Analogously as we did for local translations with Λ = 0, we split the analysis in oddand even-dimensional cases: (i) For odd n, consider the single-term Lovelock action L (n−1)/2 n given in (30), whose variational derivatives are given in (31) and (32). We have seen in subsection 3.2 that
which is a Noether identity by itself. Therefore, multiplying (63) by arbitrary local parameters ρ I and manipulating the resulting expression we arrive at the off-shell identity
Resorting to the converse of Noether's second theorem again, we see that local translations with Λ = 0 emerge from the quantities accompanying the variational derivative E (n−1) I in (64), namely
Local translations given by equations (65)- (66) together with local Lorentz transformations form the Poincaré group ISO(σ).
(ii) For even n, there is no term of the Lovelock action (1) whose variational derivative fulfills
except for the topological term
Therefore, we can not construct the Noether identity associated to the local translations with Λ = 0 in the even-dimensional case analogously as we did in the odd-dimensional one. As far as we know, there is no symmetry analog to (65)-(66) for the Lovelock action (1) in even dimensions. Note: We must point out that local translations are not equivalent to infinitesimal diffeomorphisms in dimensions higher than three. In fact, infinitesimal diffeomorphisms are a linear combination of local translations and local Lorentz transformations up to terms involving the variational derivatives only in the threedimensional case. With a bit of algebra we rewrite the infinitesimal diffeomorphisms as
where 
i.e., three-dimensional infinitesimal diffeomorphisms are a linear combination of local translations and local Lorentz transformations modulo terms involving the variational derivatives of the action S 3 [e, ω].
A new gauge symmetry
In this section we report a new symmetry that emerges from the application of the converse of the second Noether's theorem to the highest or last term of the Lovelock action, which is
and whose variational derivatives are given in (31) and (32), for the case of an odddimensional manifold M n . As we proved in subsection 3.2, the variational derivatives (31) and (32) are related by the Noether identity (see the derivation of (35))
Now we look for the symmetry that emerges from this identity. Multiplying this expression by the arbitrary local parameter ξ I and using that ξ = ξ I ∂ I we get the off-shell identity 
According to the converse of Noether's second theorem the symmetry involved in (75) is given by the terms accompanying the variational derivatives E (n−1)/2 I and E (n−1)/2 IJ ¶ Since we are working off-shell R IJ KL and C IJ KL are not symmetric under an interchange of the first two indices with the last two. Likewise the Ricci tensor is not symmetric.
under local Lorentz transformations and diffeomorphisms. After that, we have shown that for odd dimensions there is a generalization of the so-called three-dimensional 'local translations', that turns out to be non-equivalent to the diffeomorphisms in dimensions higher than three. Thus, the gauge invariance of Lovelock's theory can be described by the set of local Lorentz transformations, diffeomorphisms and when the coefficients a p satisfy the relations (58) or consists of the single term (30), also local translations. Furthermore, in the odd-dimensional case, we have obtained a new symmetry of the Lovelock action when this action is solely given by the single term L (n−1)/2 n . The fundamental set of gauge symmetries of this action is composed by Poincaré transformations and the new symmetry (76)-(77). We have also reported the commutator algebra of the symmetries of this last action, which turns out to be closed with structure functions.
We conclude by pointing out that it would be interesting to study other models of gravity from the perspective of this work because, as we have seen here, the application of the converse of Noether's second theorem can uncover new gauge symmetries of such models or at least lead to a reformulation of the existing ones. In particular, to look for the existence of the analog of local translations in other theories different from general relativity might be particularly interesting.
